The Sine-Gordon -equivalently, the massive Thirring -Hamiltonian is ubiquitous in lowdimensional physics, with applications that range from cold atom and strongly correlated systems to quantum impurities. We study here its non-equilibrium dynamics using the quantum quench protocol -following the system as it evolves under the Sine-Gordon Hamiltonian from initial Mott type states with large potential barriers. By means of the Bethe Ansatz we calculate exactly the Loschmidt amplitude, the fidelity and work distribution characterizing these quenches for different values of the interaction strength. Some universal features are noted as well as an interesting duality relating quenches in different parameter regimes of the model.
I. INTRODUCTION
The study of non equilibrium physics has exploded in recent years in large part thanks to advances in the experimental realization of quantum systems which exhibit long coherence times when far from equilibrium 1,2 . Questions of the thermalization of isolated quantum systems or the existence and classification of dynamical phase transitions can now be pondered from both experimental and theoretical viewpoints. A standard protocol to study non equilibrium systems is the quantum quench. The protocol consists of preparing the system in a state |Φ i , typically an eigenstate of some HamiltonianH, and then evolving it in time with a different Hamiltonian, H. Typically the post quench Hamiltonian differs from H by changing some parameter, introducing new interaction terms, applying an external field or some combination thereof. The most commonly studied protocol is the sudden quench in which the change in parameter is deemed to happen instantaneously (i.e. over a time scale much shorter than any set by H). Although other protocols are sometimes considered the sudden quench is the most tractable theoretically and is readily achievable in experiment 3-5 . A fundamental quantity of interest in a quantum quench is the Loschmidt amplitude,
which is the overlap between the initial state and its post quench evolution. This allows one to calculate the Loschmidt echo, L(t) = G * (t)G(t) which is of interest in many fields from quantum information and quantum chaos to nuclear physics 6 and is the central quantity in studies of dynamical quantum phase transitions (DQPT) 7 which occur when the amplitude vanishes as a function of t. Our main source of interest in the amplitude is its relation to the work done during the quench process.
The concepts of work and entropy in the context of far from equilibrium, isolated quantum systems 8, 9 are closely related to the Loschmidt amplitude. Work, in a quantum setting, is defined as the difference between two projective energy measurements, pre and post quench. It is therefore described by a probability distribution, P (W ) defined by 10, 11 
with |Ψ n the eigenstates of H. It is not too difficult to see that up to a phase this is the Fourier transform of the Loschmidt amplitude,
i being the energy of the initial state as measured with respect toH. P (W ) has the form of the spectral function familiar from many body physics 12 and accordingly shares many of the same generic features. It is defined for W ≥ δE with δE = E 0 − i being the energy difference between the initial state and the post quench ground state and possesses a delta function peak at W = δE signifying the transition from the initial state to the ground state. This peak is weighted by the fidelity, F = | Ψ 0 | Φ i | 2 the probability for such a transition. If H is gapped there exists a continuum of excited arXiv:1809.05582v1 [cond-mat.str-el] 14 Sep 2018 states separated from this peak into which |Φ i can transition during the quench. For translationally invariant initial states and provided momentum is conserved by the quench the lower threshold for the continuum is at W = 2m + δE with m being the mass of the lightest quasiparticle. This signifies the emission of two quasiparticles with opposite momentum from the initial state. At the threshold, P (W ) exhibits an edge singularity similar to the Anderson and Mahan effects in the X-ray edge problem 12 . The exponent of the edge singularity depends upon the dimensionality of the system, its statistics and also if |Φ i and |Ψ 0 lie within the same phase or not. It is independent of the quench protocol which only affects the coefficients of the singularity 13 . For theories containing multiple particle species with say, mass m l , similar edge singularities will occur at W = 2m l + δE as well as when new channels open up. For example the emission of four particles with zero momentum causes an edge singularity at W = 4m + δE.
Below the threshold, in the region δE < W < 2m + δE additional delta function peaks may appear under certain circumstances. If bound states are supported by H then delta function peaks may appear in this region at W = m b + δE, m b being the masses of such states. The position and number of these peaks depending upon the symmetry of the initial state [14] [15] [16] . In the absence of bound states a delta function peak may still appear below the threshold at W = m + δE depending on the symmetry of the initial state. This is related to the existence of a kinematic pole in the boundary matrix describing the initial state and can be further traced back the system being quenched across a critical point 15, 17 . If the quasiparticles have finite lifetime one can expect broadening of these features to occur (however this will not be the case in the model we consider which is integrable.)
For a global quench the work done is extensive and therefore in the thermodynamic limit the distribution becomes sharply peaked about the average, W , with fluctuations vanishing as 1/ √ L, L being the system size 13, 18 . The large deviations of P (W ), however retain interesting features and in particular the threshold edge singularity exhibits universal behaviour similar to those of critical systems 19 . We shall not consider these here as the particular quenches studied involve initial states very high in energy leading to divergent averages. Lastly we note that in studying the work distribution one can identify the work done due to reversible and irreversible processes in the quench. For example the transition to the ground state is a reversible process as it could equally be achieved adiabatically. The rest of the distribution describes the irreversible work done during the quench which can be related to the entropy production and the spread of entanglement in the system 9 . Much intuition about quantum work has been obtained from calculations of non-interacting models or using heuristic arguments 11, 13, 15, [17] [18] [19] . While there have been some notable calculations concerning work statistics in interacting models the list is short 14 . Here we will study these questions in the context of the SineGordon model, a full fledged field theory with many applications throughout low-dimensional physics. In high energy physics it is the archetypal integrable quantum field theory exhibiting many fundamental properties of the field such as scattering and renormalization. In condensed matter it serves as the low energy description of many one dimensional systems including the Hubbard model, spin chains and disordered systems as well as serving an important role in understanding quantum impurity systems like the Kondo model, while in statistical physics it provides a description of the KosterlitzThouless transition 20, 21 . Most pertinent to our present discussion is its use in the field of cold atom experiments where it can be used to describe a pair of tunnel coupled quasi-condensates 22, 23 or the superfluid-Mott transition of a BEC loaded into an optical lattice 24, 25 . We will calculate the Loschmidt amplitude for some quenches in the Sine-Gordon model using its fermionic equivalent, the massive Thirring model. We shall study the work distribution describing these quenches and also examine the existence of associated DQPTs.
II. THE SINE-GORDON/MASSIVE THIRRING MODEL
The Sine-Gordon model is given by,
where Π(x) and φ(x) are conjugate bosonic fields related through bosonisation to the current and density of the fermion fields in the massive Thirring (MTM) model,
with ψ † ± (x) are left and right moving fermions which are coupled together via a bare mass term m 0 and local density-density interactions of strength 4g. The bosonic parameters M and β are related to the fermionic m 0 and g through some relations whose exact form is unimportant for the moment 26 . The model is exactly solvable and its spectrum, thermodynamics and scattering properties well understood [27] [28] [29] [30] [31] [32] . It has two distinct regimes corresponding to repulsive (g < 0, 4π < β 2 < 8π) or attractive (g > 0, 0 < β 2 < 4π) interactions respectively. In the former the spectrum consists of two types of particles known as solitons and anti solitons of mass m, as the bare mass m 0 is renormalized to m in the presence of the interactions. In the attractive regime bound states of solitons and anti solitons known as breathers appear, their number and mass depending upon the value of β and m. In this work we will focus on the fermionic MTM formulation of the model to perform the calculations and in the end make the relation to the bosonic parameters.
Two quenches of particular interest are those when the prequench HamiltonianH has a very large mass, M 2 → ∞, while the quenching Hamiltonian H is obtained by suddenly reducing the mass parameter to a finite value which also allows the interaction to come into full effect. The initial state |Φ i will be either the ground state of H ( see FIG. 1 ) or the maximally excited state, with the bosons initially located on top of the potential wave (we shall also consider a combination of both). We note that the maximally excited state can be viewed as the ground state of an initial Hamiltonian with M 2 → −∞). Such quench scenarios can be achieved in a cold atom system by having a very deep optical lattice in the superfluidMott description or a phase difference of 0 or π in the coupled quasi-condensates case.
We shall compute the Loschmidt amplitudes associated with these quenches and study the related work distributions, P (W ) paying particular attention to the region around the threshold. To do this we make use of the light cone lattice regularization of the time evolution operator 33 . This will allow us derive a single non linear integral equation (NLIE) describing the amplitude directly in real time without having to analytically continue. This is valid for both the repulsive and attractive regimes as well as for cases when the quench is within or across a phase. We carry out this in section III below. It is shown that there exists a non-equilibrium duality relating quenches in the repulsive regime to the attractive. Furthermore we show that in the considered quenches no DQPT may occur and in fact it is in contradiction to the integrability of the problem. In the subsequent section we examine the non interacting limit and discuss some general features present in the Loschmidt amplitude and work distribution. The work distribution is found in the region around the threshold and many of the features described above are seen. In section IV we study the repulsive case and determine P (W ) in the vicinity of the edge threshold. In the penultimate section we discuss the attractive case and see how the work distribution is affected by bound states. In the final section we make a connection between the NLIE governing the amplitude and observable quantities providing a firm link between the definition of a DQPT and its manifestation in the dynamics of a system.
III. LOSCHMIDT AMPLITUDE AS A LATTICE PROBLEM
Our objective is to calculate the Loschmidt amplitude, G(t) which we do in terms of a single non linear integral equation (NLIE). Our strategy will be to utilize the light cone lattice regularization 33 of the time evolution operator e −iHt . Within this approach G(t) is seen to be the same as the partition function of classical six-vertex The number of intersections in the spacelike direction is N while the number in the timelike direction is M and to each intersection we associate a matrix of transition amplitudes R k,k+1 (2Θ). We assume periodic boundary conditions in the spatial direction.
model with boundaries. In the thermodynamic limit the partition function is given by the largest eigenvalue of the transfer matrix of the model which, for particular types of initial state can be calculated using Bethe Ansatz. This strategy has recently be used to great effect in calculating the Loschmidt echo in the XXZ Heisenberg model [34] [35] [36] . Unlike that instance however we will obtain the NLIE directly in real time without the need to Wick rotate back.
A. Light cone lattice
The light cone lattice method is an approach to regularizing integrable quantum field theories in which the integrability of the continuum model is preserved. The solution of the massive Thirring model through this method will form the starting point of our calculation of the Loschmidt amplitude. The formulation is thoroughly explained in several works 33, 37, 38 and we give only the main points below. In this approach, one starts from a discretized 2D Minkowski spacetime formed by a regular diagonal lattice of right-oriented and left-oriented straight lines, see FIG. 2 . These represent the world-lines of bare right and left movers with each intersection of lines being a discretized point in spacetime. Every row of the lattice consists of N such intersections labelled by j = 1, . . . , N and to each link emanating from these points we associate a vector space V k = C 2 with V 2j corresponding to left movers and V 2j−1 to right movers emanating from the j th intersection. The fermion creation and annihilation operators then correspond, via Jordan-Wigner transformation to σ ± k which act on these vector spaces. Furthermore to each vertex we associate a matrix R kk+1 (2Θ) acting on V k ⊗ V k+1 , defined by
representing the microscopic transition amplitudes for the fields. The parameter η = iγ encodes the interactions in the model according to γ ∼ π/2 + g or
while Θ is a rapidity cutoff for the bare particles. It is related to m the physical mass by
with N being the total particle number and L the system size. The bare mass is given by m 0 =
4N
L sin γe −2Θ with the two mass parameters coinciding when the interaction is turned off at β 2 = 4π or γ = π/2. The thermodynamic limit takes N → ∞ with δ = L/N , the lattice spacing held fixed while the continuum limit requires taking δ → 0 and Θ → ∞ such that m is held fixed. Upon taking these limits the continuum theory is recovered.
This light cone lattice MTM thus takes the form of a 2d statistical model, namely an inhomogeneous 6-vertex model 39 . From this point of view the time evolution operator is the vertical transfer matrix on this lattice which is given by 33 ,
with Tr k indicating taking the trace over the k space. One can interpret τ (±Θ) as evolving by one step along the world lines of the right or left moving particles, i.e. in the x ∓ t directions. The combination above therefore gives evolution in the timelike direction by one lattice unit δ. Moreover, by taking the number of rows in the lattice to be M we have that the total transfer matrix is
The Loschmidt amplitude as given in (12) where t = M δ and the limit X → ∞ stands for the the thermodynamic and continuum limits discussed before in addition to M → ∞ which is taken while holding t constant. Before utilizing, (10) in our calculation of G(t) we close this section by commenting that within this regularization the wavefunctions of the system take the form
with N ≤ N , a {j} being some coefficients, {j} = {j 1 , . . . , j N } the positions of the flipped spins, corresponding to the creation of a bare particle and |⇓ = ⊗ 2N |↓ is the regularized drained Fermi sea. In the continuum limit with σ
− (jδ) these become the standard MTM wavefunctions 29 .
B. Regularized Loschmidt amplitude
Having defined the time evolution operator in (8) the Loschmidt amplitude is given by
where in going to the second line we have used the fact that τ −1 (Θ) ∝ τ (Θ−η) 40 and we have implicitly regularized the initial state in the light cone formalismá la (11) .
When written in this fashion calculating the Loschmidt amplitude becomes a classical 2d lattice problem. Indeed τ (−Θ)τ (Θ − η) is the vertical transfer transfer matrix of an inhomogeneous 6-vertex model on a 2N × 2M lattice with ±Θ associated to each vertical line, Θ and η − Θ associated to each horizontal line and periodic boundary conditions in the horizontal direction. Note that this 6-vertex model is not the same as the one mentioned in relation to the light cone lattice, it is an auxiliary system on to which we have mapped our calculation. The Loschmidt amplitude is therefore the expectation value of this transfer matrix in the initial state, see FIG 3(a) . By rotating the whole lattice we see in FIG. 3(b) that this is equivalent to computing the partition function on a similar but more convenient 6-vertex model. The initial state becomes boundary conditions in the horizontal direction, the periodic boundary conditions becoming a trace and parameters associated to vertical lines being exchanged with those associated to horizontal lines. This gives us
where we have introduced the so called quantum transfer matrix which acts in the original horizontal direction
and the trace is over the original horizontal spaces, 2j − 1, 2j. At this point the light cone formalism has provided us with a quantity which although regularized is no easier to calculate. Inspecting (13) we see that the operator is a tensor product of operators acting on the horizontal vector spaces but a generic initial state will cause mixing between them all. For a particular type of initial state however the problem simplifies considerably. We consider here initial states which can be written as the product of two site states,
Included among this category are the states c 1 = ±c 2 which are of particular interest. They correspond to the ground state and highest excited state ofH when the initial mass is very large m i → ∞. In bosonic language this means taking the coefficient of the cos [βφ(x)] term in (4) to be very large with the states corresponding to those which minimize or maximize this particular term.
In the context of cold atom experiments there are numerous ways to realize these states depending on the which interpretation of the Sine-Gordon model is being implemented. When used as the low energy description of the superfluid-Mott transition these initial states correspond to having a very deep optical lattice with either positive of negative on site interaction 24 . Alternatively when describing a pair of coupled condensates these states correspond to an initial phase difference of 0 or π 22 . It should be noted that the quench process involves all eigenstates of the post quench Hamiltonian which may result in the Sine-Gordon description being invalid. The relevant figure of merit is the average energy density av (t) = Φ i (t)|H |Φ i (t) /L which should not be too large in order to invoke the Sine-Gordon description. Regardless of this the quenches and model are interesting in their own right.
In what follows we will concentrate mostly on these two initial states along with the more general case of c 1 = e 2ξ c 2 with ξ a purely imaginary parameter that interpolates between the two. With this type of initial state no mixing occurs between the different parts of the tensor product in (13), see FIG. 4 , and the amplitude reduces to
Denoting the eigenvalues of the operator
In going to the second line it was assumed that there exists a unique maximal eigenvalue, Λ max with a non vanishing gap to the rest of the spectrum. Accordingly in the thermodynamic limit N → ∞, only this maximal eigenvalue contributes 39 . If the next eigenvalue crosses it at some time then a DQPT takes place 36, 42 . We discuss this point later.
C. Boundary quantum inverse problem
Our task now is to find the maximal eigenvalue of the operator v| T (u) ⊗ T (−u) |v evaluated at u = −Θ. It was shown in [34] however that this is equivalent to finding the ground state of the XXZ model with open boundary conditions. This quantity is well studied and we get that Λ max = Λ(−Θ) where the function Λ(u) is given by
The newly introduced parameters λ k are known as the Bethe roots. In order to give the maximal eigenvalue we take them to be the real non negative solutions of the Bethe ansatz equations
The initial state is encoded by the relations
which gives c 1 = e 2ξ c 2 in the continuum limit with ξ = iπ/2 being the ground state or ξ = 0 the maximally excited state ofH. Note that the Bethe equations (21) allow for a solution at λ = 0 which must be excluded as it results in vanishing wavefunction and furthermore that if λ j is a solution then −λ j is also. The other eigenvalues, λ j can also be calculated and checked that they are gapped from Λ max .
D.
An auxiliary function a(u) and its non linear integral equation (NLIE)
The exact Loschmidt amplitude is obtained from Λ max given by equation (19) subject to the Bethe Ansatz equations (21) . However to take the thermodynamic and continuum limits we need to bring these expressions to a more convenient form. We define the auxiliary function
where the boundary part, K ξ (u) containing the initial state information is given by
We shall express the Loschmidt amplitude in terms of this auxiliary function and obtain an NLIE for it. The Bethe equations are succinctly written in terms of this as a(λ j ) = −1, so that the function 1 + a(u) has zeros only at u = ±λ j and u = 0 as well as a pole of order 2M at u = −Θ. This allows us to write for an analytic function f (x) 34 ,
where the contour is taken to encircle, counterclockwise the Bethe roots which lie on the real axis as well as their negative counterparts. A typical choice is for C = C + ∪ C − with C − running from −∞ − iζ to ∞ − iζ and C + going back from ∞ + iζ to −∞ + iζ and 2ζ < min(γ, π − γ). Note that the singularity at µ = 0 as well as any singularities coming from K(u) are cancelled by the log[1 + K(u)] factor in the integrand. Using this we can write (24) as
After some manipulation (see appendix) we get a NLIE for a(u) 43 . Upon taking the thermodynamic and continuum limits this is
where log K ξ (u) = J * log
and * denotes the convolution f * g(x) = f (x−y)g(y)dy. The function G(x) is actually the derivative of the soliton-soliton phase shift,
where an explicit expression for S ++ is known and presented in the appendix. In addition the first term in (28) is related by a shift of the rapidity u → u + iγ/2 to the soliton energy m cosh π γ u , while the second term, log K ξ (u) is related by the same shift to the renormalized boundary phase shift 44 . In either the repulsive or attractive regimes it has the form 44,45
with S ++ again being the soliton-soliton phase shift. The other two factors S 0 and S 1 are presented in full in the appendix. The first term, S 0 along with S ++ is independent of ξ and hence the initial state while the S 1 term does depend upon ξ. Within the repulsive regime K ξ (u) does not contain any poles in the so called "physical strip" 0 ≤ Im(x) ≤ γ/2 apart from a possible pole at x = iγ/2 depending on the value of ξ. We are most interested in the behaviour of the boundary phase shift in the vicinity of this point, where K ξ takes the form 46 ,
with the coefficient, g ξ charachterizing the initial condition. In the free case considered below we have g 0 = 2 while g i π 2 = 0 which we will see ultimately determines the low W behaviour of P (W ). Using the explicit expressions presented in the appendix we see that also in the interacting case g i π 2 = 0 while g 0 = 0. In the more complicated attractive case the appearance of bound states in the spectrum is reflected in additional poles appearing in the physical strip. We will see below that these correspond to the delta function peaks in P (W ) below the edge threshold.
The form of the NLIE depends upon the value of ζ which is chosen. The restriction on allowed values of ζ changes when crossing from the repulsive γ < π/2 regime to the attractive γ > π/2 which reflects the change in the spectrum and appearance of bound states.
E. The Loschmidt Amplitude
Turning finally to the Loschmidt amplitude we can express it neatly in terms of a(u) using the same integral technique (see appendix). Taking the continuum and thermodynamic limits we get, log G(t) = −iE 0 t + log F +i mL 4γ
where E 0 , see (B9) is the ground state energy of H and
This time independent term is the same as the boundary contribution to the ground state of the MTM on a finite interval 47 and we will see below that it appears in the work distribution as the weight of the delta function peak δ(W − δE). Therefore we can identify this with the fidelity, F = | Ψ 0 | Φ i | 2 . In both the NLIE and Loschmidt amplitude it can be convenient to perform calculations prior to taking the thermodynamic and continuum limits. These cutoff expressions appear in the appendix.
An interesting feature of the amplitude and its associated NLIE is that they exhibit a non-equilibrium duality. Under the replacement γ → π−γ along with ξ → iπ/2−ξ we find that they are modified by t → −t which means
This duality relates the non-equilibrium behavior of the MTM in the repulsive regime to that of the attractive regime. Similar dualities have been discovered in out of equilibrium impurity systems 48, 49 . In the impurity models the mapping refers only to the impurity with the bulk spectrum being invariant. In this case however the duality maps the model between two different parameter regimes with very different spectra.
F. Dynamical Quantum Phase Transition
The similarity between the Loschmidt amplitude and the partition function of a finite size system at non zero temperature 50 underpins the notion of a dynamical quantum phase transition. Analogous to thermal phase transitions, DQPTs are said to occur at t = t c if G(t c ) = 0 which results in non analyticity of log G(t), sometimes called the dynamical free energy. Unlike thermal phase transitions infinitely many of these critical points can occur periodically over the range 0 < t < ∞. It is not obvious from this thermal analogy however how a DQPT manifests itself in the dynamics the system or if in fact by crossing t c the system can be thought of being in one phase or another. After all, time dependent observables are not merely derivatives of this dynamical free energy as they are in the thermal case. Moreover, the amplitude itself constitutes a projection of the initial state onto only a single state |Φ i and the quench process involves excitations over the whole spectrum of the post quench Hamiltonian. In several cases however it has been shown that order parameters exhibit non analytic behaviour at critical times in the thermodynamic limit, a phenomenon which was later observed experimentally 51 . This has been explained via another analogy with quantum phase transitions which despite being ground state phenomenon, impact upon finite temperature properties although further study is required 52 . Inspecting the Loschmidt amplitude (34) we can see that a DQPT can occur if either of the terms in the logarithms vanish. For this to be the case we require that for some real t either 1 + a(µ + iζ) = 0 or 1 + a −1 (µ − iζ) = 0 (37) for µ real. By construction however a(λ) = −1 only if λ ∈ R and moreover only if λ = ±λ k , 0, with λ k a Bethe parameter. Accordingly no dynamical quantum phase transitions take place in these quenches of the massive Thirring model in either regime. The integrability of the problem is in contradiction to the existence of a DQPT. This by no means precludes a DQPT in any or even perhaps most quenches of the MTM. Using the same transfer matrix method in the XXZ it was shown that DQPTs could occur 36 . These resulted from the fact that a level crossing occurred between Λ max and the next eigenvalue an eventuality that cannot take place here. Within this formalism, taking initial states requiring ξ ∈ R or those encoded by off diagonal boundary conditions may result in level crossings of Λ max giving a DQPT.
IV. NON-INTERACTING LIMIT
As a non trivial check on this result we examine the Loschmidt amplitude at free fermion point, γ = π/2. Other than a check, this will also provide us with some insight and perspective with which to appreciate the interacting case. At the free point interactions are of course absent and so G(x) = 0 while J(x) = 1. The NLIE therefore reduces to log a(u) = −2mt sinh (2u) + log − sinh 2 (u − (ξ − iπ/4))
Inserting this into (65) along with the choice ζ = π/4 gives us (39) where the log of the fidelity is given by
These agree with results obtained using more standard techniques (see appendix) 11 . We can see explicitly here the boundary phase shift for ξ and i π 2 − ξ are related by inversion, K ξ (u) = K −1 i π 2 −ξ (u) and consequently the Loschmidt amplitude for these cases are complex conjugate to each other or rather related by time reversal,
this is a special case of the duality mentioned in the previous section. The non interacting point being the self dual theory. A consequence of this is that the Loschmidt echo, L(t) is the same for both quenches. This ultimately results from the fact that the two initial states are related by a particle-hole transformation which is preserved by the quench. It may also be checked explicitly that the term inside the logarithm of (39) does not vanish and so no DQPT takes place. We should reiterate that other choices of initial states can result in a DQPT, for example, if the initial state was the ground state of the Hamiltonian with finite initial mass m i 53 . To see this in our method one must replace the constant ξ which encodes the initial states considered previously with one which is rapidity dependent. The correct choice for an initial mass of m i is shown in the appendix to be
Inserting this into (39) it can be seen that the DQPT condition is be satisfied. Note that this choice of ξ does not fall within the class of integrable initial states for which the NLIE was derived. Nevertheless the simple replacement above reproduces the result using other methods. We turn our attention now to the work probability distribution in the non interacting model. As discussed in the introduction the edge behavior of the distribution is of most interest, however the moments of the distribution can also provide some insight to the quench process. The moments of the work distribution are given by logarithmic derivatives of the amplitude, explicitly the n th moment is defined as
The first of these corresponds to the average work done during the quench, W . Differentiating (39) and using
The first term is a constant and is the amount of work done per unit length if the quench were done adiabatically instead of suddenly. Subtracting this from the average work defines the irreversible work 9 done during the quench, W irr = W −δE which is given by the integral term. For the two particular cases of ξ = 0, iπ/2 this integral diverges. The reason for this divergence is the fact that these initial states are very high in energy with respect to H. Their overlap with the highest excited states of H is not suppressed by some scale inherent in the initial states and are only cutoff by δ the lattice spacing. In contrast if the initial is the ground state of the finite initial mass Hamiltonian, then this quantity is finite. This can be seen by replacing the constant ξ in (44) with (42) .
In the remainder of this section and in subsequent sections we will concentrate on the edge behavior of P (W ) near the threshold. The probability distribution, for the ξ = i π 2 state is
where we have expanded the exponential. It is then standard to expand the logarithm also and perform the t integral 11, 13 . The advantage of doing this is that only the lowest order terms in this expansion give a contribution to P (W ) in the region W < 4m 0 + δE with the subsequent terms contributing in the regions W < 6m 0 + δE etc. From here on we measure the work done from δE so W − δE → W . Keeping only the lowest term in the expansion we have
which gives the behaviour near the threshold. Here we see the appearance of a number features alluded to in the introduction. Firstly, there is the delta function at W = 0 (as measured form δE coming from the transition to the ground state which is weighted by the fidelity. Secondly, there is an edge singularity at W = 2m 0 with exponent 1/2. Keeping further terms in the expansion of the exponential and logarithm gives access to further edges at W = 2nm 0 . For the other initial state in which ξ = 0 we get at the free point that
Now we would like to proceed as before and expand the logarithm, the problem with this however is that the boundary term diverges like coth 2 (µ) ∼ 1/µ 2 about µ = 0. To deal with this we use the regularization trick of adding and subtracting a term with the same divergence 46 . The µ integral then becomes
The second integral can be computed using the formula 2π(a − b) = ∞ −∞ log a 2 +x 2 b 2 +x 2 using a 2 = 4e −2im0t and b 2 = 0 and the first integral can be expanded so that we get
where we have included an extra term coming from the expansion of the exponential. Taking the Fourier transform we get 13,17
This exhibits further properties which were discussed in the introduction. In addition to the delta function coming from the ground state transition there are additional delta functions at W = m 0 as well as at the edge whose exponent is now −3/2. These new features result from the pole appearing in the boundary phase shift K 0 (µ) describing the initial state. To understand them more physically recall that the Hilbert space of the free fermion model splits into two sectors with even and odd particle number. The previous initial state is contained only in the even sector whereas the maximal eigenstate has overlap with both sectors. The later can therefore transition to a single particle excited state with zero momentum resulting in the additional delta function 15 .
V. REPULSIVE REGIME: γ < π/2
In this section we examine the repulsive case, γ < π/2, wherein the spectrum consists of solitons and antisolitons but no bound states. Within this regime we choose the contour to have ζ = γ/2 − , with = 0 + and also will find it convenient work with a new auxil- iary function
where
ξ (u − iγ/2) is the shifted boundary phase shift. In terms of this the NLIE and amplitude are
The form of the Loschmidt echo remains similar to that of the free case but there are some important new elements.
Aside from the renormalization of the mass m 0 → m, rapidity 2µ → πµ/γ and boundary phase shift K ξ → K ξ we have y(µ) which encodes the interactions in the model. As with the non-interacting case we look to expand the logarithm and exponential functions in (52) and (53). We then employ an approach to the NLIE which will provide us with an exact answer expression P (W ) within the region of interest 0 < W < 4m 14 . This method, which has been used with success in studies of the Sinh-Gordon model, entails treating the NLIE in an iterative manner. The key is that we are interested in the Fourier transform of the Loschmidt amplitude and each successive iteration of the NLIE will give us the exact answer for this below a certain value of W .
Expanding both the logarithm and exp (y) for the case of ξ = iπ/2 gives
log G(t) = −iE 0 t + log F + mL 4γ
The iterative procedure is started form from the the noninteracting value, y [0] = 0. Why this is a good starting value will be explained further below. Inserting this into (55) only the l = 0 term survives and each term in the sum over n comes with a factor of
Thus when Fourier transformed the n th term gives a contribution to P (W ) for W > 2mn as in the non interacting expression. At the next step y [1] (µ) is given by the l = 0 term in (54),
Inserting this into the amplitude we see that only the n = 1, l = 0 term in the amplitude has a factor of e −2imt cosh π γ µ and so only this term contributes in the region 0 < W < 4m. Further iterations cannot alter this. Therefore only the n = 1, l = 0 term needs to be retained and the distribution is
where δE had been absorbed into the work, W −δE → W and the dots contain terms that have no contribution at W < 4m. Iterating further gives the exact expression for a larger window. After the (n − 2) th iteration, i.e, using y [n−2] an exact expression for P (W ) with W < 2mn is obtained.
The behavior of the work distribution resembles closely (46) and indeed after expanding K about the edge singularity W ∼ 2m we get that the edge exponent is also 1/2. The negligible effect of interactions on P (W ) near the threshold is not entirely unexpected. In this region the quench process is governed by transitions to excited states containing only two quasi-particles of opposite momentum. In the thermodynamic limit the interaction effects between them can be neglected, only for a macroscopic number of excitations will the effect of the interactions be felt. With this in mind the procedure of iterating from the non interacting value is the same as determining P (W ) by starting at W = 0 and then perturbing away from this.
In order to compare the threshold behaviour for several values of the interaction we rescale the distribution by the system size, mass and fidelity p(W ) = 4πP (W )/(mLF).
The fidelity can be measured experimentally as the spectral weight of the peak at W = 0 and the mass determined by the distance to the threshold. Furthermore we plot it as a function of w = W/m in order to bring the threshold to the same point. In FIG. 5 we plot the rescaled distribution, p(w) near the threshold for several values of λ = 8π/β 2 − 1 we see that effect of the interactions is to suppress the work in this region.
For the other initial state the presence of the pole, i.e. g 0 = 0 indicates we should regularize the divergence in (64) and (53) prior to performing the expansion. Following the same procedure as before the amplitude is modified to log G(t) = −iE 0 t + log F + mL 4γ 
Note that the last term receives a contribution from both the integrals, representing a soliton and anti-soliton contribution. Expanding the log terms as well as using e √ y(0) = 1 + y(0)/2 and retaining only the first terms we get log G(t) = −iE 0 t + log F + mL g
here we have ignored contributions of order e −2imt coming from the regularization of the NLIE. The resulting work distribution is
It can be checked that in this case K ξ (x) diverges as 1/x giving an edge exponent of −3/2 exactly like the noninteracting case. The threshold behaviour of the rescaled distribution, p(w) is plotted in FIG. 6 for several values of λ. We see that as λ → 1/2 the distribution becomes more and more peaked. Interestingly at λ = 1/2 the quantity K 0 (µ) + K 0 (−µ) vanishes exactly and we need to go beyond this expansion to find the leading behaviour of the work distribution.
VI. ATTRACTIVE REGIME: γ > π/2
In this section we examine the more complicated attractive regime of the MTM and consider only the ξ = iπ/2 quench. The bound states which appear in the spectrum considerably alter the quench dynamics of the system compared to the repulsive case. We wish to apply the strategy used in the repulsive and non-interacting cases to the attractive and this time will proceed keeping ζ arbitrary. The new auxiliary function is now defined as
Rewriting the NLIE and amplitude in terms of y(u) and y(u) and expanding the logarithm and exponential gives
with a similar expression forȳ(u). If this were the repulsive case we would take ζ = γ/2 and then each term in the expansion would give contributions to a certain frequency window in the Fourier transform. As was shown in the last section, keeping only n = 1, l = 0 gives us the exact answer for P (W ) in the region 0 < W < 4m because of the e 2imt cosh (πµ/γ) term. In the attractive case ζ cannot be taken to be this value as the functions K ξ (u) and G(u + 2iζ) have poles when Im(u) > π − γ. This signifies the appearance of bound states in the spectrum. In turn this leads to non-analyticites in the auxiliary function y(u) andȳ(u). Nevertheless, let us attempt our iterative procedure starting from the non interacting value, y [0] = 0. The contribution to P (W < 4m) would nominally come from the the n = 1, l = 0 term, which is
The analytic structure of all the functions present here is known and the contour can be moved up to ζ = γ/2 − . The cost of doing this is to pick up the poles of K i π 2 (u) along the way. Using the expression given in the appendix we see the poles occur at u = i (π−γ) 2 n for n < γ/(π − γ) with n even. This term thus becomes
where g b,2n is the residue of the pole and m b,2n are the masses of the even parity breathers
The remaining integral importantly has the same form as in the repulsive case i.e. has a −2imt cosh (πu/γ) in the exponential. This seems to work nicely but there are other terms in the expansion involving y which need to be considered in this case. Lets consider the n = 1, l = 1 term. After the first iteration it is
if we try to perform the same trick and move the contour up to iγ/2 so as to get the desired behaviour in the exponential we will encounter non analyticies in y which are unknown. The question is will these have any effect in the region of the threshold. The first order term in the NLIE gives us that
with a similar term forȳ(u). We can move the contour up here which will pick up poles form the boundary shifts. This gives a sum of terms plus an integral with the same form as the repulsive case i.e
with
and similar forȳ. Collecting this all together we get that the part of the Loschmidt amplitude pertinent the work distribution in the region W < 4m. After Fourier transforming we find It is not too difficult to identify the processes involved in each of the terms present here. The first new term is the sum of delta functions at W = m b,n the even parity breather masses. This arises due to transitions to a single breather excitation with zero momentum. Only even parity breathers appear due to the parity of the initial state. The next term, due to the solitons and anti-solitons produces an edge singularity similar to that in the repulsive case with exponent 1/2. Solitons and anti-solitons appear in the spectrum in both attractive and repulsive regimes and given the negligible effect of the interactions in this region it should come as no surprise that the same term appear here. The final sum of terms is also due to the appearance of bound states. They cause new edge singularities to appear within the region 2m < W < 4m at W = 2m + m b.n and correspond to a transition to a state which has two solitons in addition to a zero momentum breather. One can then proceed systematically in this manner and obtain P (W ) for larger and larger W .
VII. CONCLUSION
In this article we have studied the Loschmidt amplitude and work statistics of an interaction quench in the Sine-Gordon/Massive Thirring model. Utilizing a convenient regularizaion of the continuum model we have formulated the amplitude as the partition function of the six vertex model. For a particular class of initial states this can be calculated exactly. The initial states considered includes the ground state and highest excited state of the system with very large initial mass. These quenches can be readily achieved in cold atom systems by varying the optical lattice depth or interaction strength. The solution is given in terms of a single non-linear integral equation which is valid for all parameter regimes and for real time. We perform several non trivial checks on this NLIE including recovering results in the non interacting case and go on to study the work probability distribution.
The work distribution function is studied in the region of 0 < W −δE < 4m for the repulsive and then attractive regimes. In the repulsive regime we see several generic features including the delta function at W = δE weighted by the fidelity and an edge singularity at the threshold value of W = 2m + δE with either exponent of 1/2 or −3/2 depending upon the initial state. The appearance of the latter exponent is accompanied by an additional delta function peak at m + δE signifying the emission of a single particle with zero momentum from the initial state. This changes in the attractive regime due to the appearance of bound states in the spectrum. We find additional delta peaks below the first edge singularity resulting from the transition to a single breather state with zero momentum. In the quench from the ground state only even parity breathers appear. Further edges are also evident within the region considered, these come from transitions to states involving a zero momentum breather in addition to two solitons or anti-solitons.
We note an interesting duality relating quenches in the repulsive and attractive regimes. Under this duality transformation the free point is mapped to itself. The attractive regime of Sine-Gordon model has a much richer structure than the repulsive case and this duality may be useful in calculations in the attractive regime.
We find that dynamical quantum phase transitions, which are defined as the points in time where the Loschmidt amplitude becomes non-analytic, cannot take place in any parameter regime for the chosen initial states. This stems from a contradiction between the DQPT condition and the Bethe Ansatz equations which are central to the derivation of the NLIE. It may be the case however that for different choices of initial state a DQPT may take place due to level crossings of Λ max . This would manifest itself in non-analytic points of the NLIE and auxiliary function, a(µ). The quantity log [1 + a(µ)] can be viewed as being a nonequilibrium distribution function which contains all information about the quench. Calculation of observables would necessarily involve integrals over this distribution with any non-analyticities appearing in the NLIE being carried over. The coincidence of non-analytic behavior in the Loschmidt amplitude and observables could therefore both be explained as resulting from the non-equilibrium distribution function.
Finally we note that in the non-interacting case the Loschmidt amplitude for finite mass initial states could also be calculated by replacing ξ, the parameter describing the initial state, with an appropriate function of the rapidity. A similar strategy was employed in studying such finite mass quenches of the Sinh-Gordon 14, 55 model and it is an interesting question whether it can be adopted for the Sine-Gordon also.
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After pulling a factor of [log a(u) − log K ξ (u)] out of the integral involving the C − contour we get log a(u)
where Υ(u) = φ(u − Θ + η/2, γ/2) − φ(u + Θ + η/2, γ/2). For γ ≤ π/2 we can choose ζ = γ/2 − with = 0 + . Then defining
Rearranging this using Fourier transforms brings us to
where * denotes the convolution f * g(x) = dy f (x − y)g(y) and
The convolution J * Υ(u + iγ/2) can be evaluated by Fourier transform which in the large Θ limit gives 
For the regime π > γ > π/2 the choice of contour C is different, namely we must choose ζ < π/2 − γ/2 in terms of the original function a(u). Shifting the contour back to this value gives us the general case 
Collecting all the K ξ terms together on the right hand side gives (28) . 
The last term above comes from the pole at µ = Θ in g (µ). Using a(Θ) = 0 and taking the large Θ limit the second and third terms cancel giving log G(t) = N C dµ 2π φ (µ − Θ + η/2, γ/2) log 1 + a(µ)
Typically one then proceeds along the lines of the NLIE and extracts a factor of log a(u)/K ξ (u) from the C − integral. 
In going to the second line we have used (A12) and (30) . Then using the definition in (A2) we can turn the first term into 
Again for γ > π/2 we use a different contour with the result log G(t) = −iE 0 t + N 2iγ ∞ −∞ dµ csch π γ (µ − Θ − iζ) log 1 + a −1 (µ − iζ)
Taking the continuum limit and collecting all the K ξ terms together we arrive at (34).
Appendix C: Boundary Phase shift
The renormalized boundary S matrix, K ξ (u) plays an important role. In this section we review its explicit calculation mostly following the work in 44, 58, 59 . It is defined by log K ξ (u) = J * [log K ξ (u) + iφ(u, γ)]
with K ξ given in (25) . More explicitly this is 
where χ = π − γ + 2iξ which means we have either χ = π − γ, for ξ = 0 or χ = −γ for ξ = iπ/2. It is standard to use the renormalized rapidity θ = πu/γ as well as the coupling constant λ = ν − 1 frequently used in studies of the Sine-Gordon model
After taking ω → 
where S ++ (x) is the physical soliton-soliton phase shift. Using the results from the appendix in [44, 60] S −1 
We can write this in terms of rapidities p = m 0 sinh 2µ to get log G(t) = itL 
